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1. Introduction to vectors
The area of vectors is an obstacle for many students at the beginning of their studies. This is mostly
not due to the fact that this area is mathematically particularly difficult, but for other reasons. First, a
number of students come from schools where the concept of vectors is not introduced at all (e.g.
almost all economical and some technical secondary schools). And second, for those students who
got an introduction into vectors in school, such introduction is limited to vectors in ℝ2 and ℝ3 , and
vectors are presented as ordered pairs, order triples, or n-tuples. At the beginning of university,
vectors are then introduced as “elements of a vector space”, and “a vector space over a field is a set
with an inner operation + and an outer operation · with a field, defined by …”. This makes it very hard
for students to connect the two concepts. Again, an interlude seems to be necessary, which we are
going to provide here.
An additional obstacle is the fact that many text books (though not all) use the term vector at the
same time to mean an ordered pair/triple, a point in the coordinate system, an arrow, or a class of
arrows. Some make it clear that all these things are different representations of vectors, and others
do not. So this confusion may also play a role at the beginning of university.

2. Vectors as n-Tuples
Usually, ordered pairs and ordered triples (or later, n-tuples) are not formally defined in school, but
intuitively used as a tool to describe situations where one number is not sufficient. This is however
normally not an obstacle for school students (or university students, since the formal definition as
(𝑥1 , 𝑥2 ) = {{𝑥1 }, {𝑥1 , 𝑥2 }} does not add a lot to the understanding of the concept). The set of all
ordered pairs/triples is then formally introduced.
Definition (vectors in ℝ𝟐 and ℝ𝟑 ; text book version): The set of all ordered pairs (of real numbers) is
denoted as ℝ2 , i.e.
ℝ2 = {(𝑥1 , 𝑥2 )|𝑥1 ∈ ℝ ∧ 𝑥2 ∈ ℝ}
An ordered pair (𝑥1 , 𝑥2 ) ∈ ℝ2 is called a vector in ℝ2 (with coordinates 𝑥1 and 𝑥2 ).
The set of all ordered triples (of real numbers) is denoted as ℝ3 , i.e.
ℝ3 = {(𝑥1 , 𝑥2 , 𝑥3 )|𝑥1 ∈ ℝ ∧ 𝑥2 ∈ ℝ ∧ 𝑥3 ∈ ℝ}
An ordered triple (𝑥1 , 𝑥2 , 𝑥3 ) ∈ ℝ3 is called a vector in ℝ3 (with coordinates 𝑥1 , 𝑥2 and 𝑥3 ).
Note: Occasionally, variables representing vectors are written with an arrow on top, i.e. both the
symbols 𝑣⃗ and 𝑣⃑ can be found in textbooks. Other textbooks use this symbol to mean the
representation of a vector by an arrow (see section 3).
For now, a vector is an ordered pair or triple. Later, students will learn that an ordered pair or triple
is a representation of a vector.
Task: In class 2A are 14 girls and 12 boys. Write the number of students in this classroom in the form
of a vector 𝑣2𝐴 ∈ ℝ2 !
Solution: 𝑣2𝐴 = (14, 12)

Such a task seems trivial, but one has to remember that there will be students who have never heard
the term vector before.
Task: In class 2A are 14 girls and 12 boys, in class 2B are 9 girls and 10 boys. Write the number of
students in 2A and 2B the form of vectors 𝑣2𝐴 , 𝑣2𝐵 ∈ ℝ2. Write the number of girls and boys in both
classrooms in the form of a vector 𝑣 ∈ ℝ2.
Solution: 𝑣2𝐴 = (14, 12), 𝑣2𝐵 = (9, 10). To get the vector 𝑣, we can simply add the coordinates of
the two vectors. 𝑣 = (14 + 9, 12 + 10) = (23, 22)
This can be generalized into the following definition.
Definition (vector addition in ℝ𝟐 ; text book version): Let 𝑣 = (𝑣1 , 𝑣2 ) and 𝑤 = (𝑤1 , 𝑤2 ) be vectors
in ℝ2 . The vector 𝑣 + 𝑤 is then defined by
𝑣 + 𝑤 = (𝑣1 + 𝑤1 , 𝑣2 + 𝑤2 )
This operation is also called vector addition.
The vector – 𝑣 (also called the inverse vector to 𝑣) is defined by
−𝑣 = (−𝑣1 , −𝑣2 )
The vector 𝑣 − 𝑤 is defined by
𝑣 − 𝑤 = 𝑣 + (−𝑤) = (𝑣1 − 𝑤1 , 𝑣2 − 𝑤2 )
The vector 𝑜 = (0, 0) is called the zero vector in ℝ2 .
Task: The vector 𝑝𝑛 = (110, 150) gives the net price (without taxes) in € of two products. The tax
rate is 20 %. Give a vector 𝑝𝑔 ∈ ℝ2 that describes the gross price, i.e. the price with taxes, of these
two products.
Solution: To get the gross price of one product, we have to multiply the net price by 1.2. For both
products, this results in 𝑝𝑔 = (1.2 ∙ 110, 1.2 ∙ 150) = (132, 180)
Again, this can be generalized into the following definition.
Definition (multiplication of a vector ℝ𝟐 with a real number; text book version): Let 𝑣 = (𝑣1 , 𝑣2 )
be a vector in ℝ2 , and 𝑐 ∈ ℝ a constant real number. The vector 𝑐 ∙ 𝑣 is then defined by
𝑐 ∙ 𝑣 = (𝑐 ∙ 𝑣1 , 𝑐 ∙ 𝑣2 )
This operation is also called scalar multiplication.
Since the definitions of vector addition and multiplication with a real number are all done
coordinate-wise, the “usual rules” for addition and multiplication (valid in ℝ) are also valid for
vectors.
Theorem (rules for vector operations; text book version): Let 𝑢 = (𝑢1 , 𝑢2 ), 𝑣 = (𝑣1 , 𝑣2 ) and 𝑤 =
(𝑤1 , 𝑤2 ) be vectors in ℝ2 , and 𝑐, 𝑑 ∈ ℝ constant real numbers. Then the following holds true:


(𝑢 + 𝑣) + 𝑤 = 𝑢 + (𝑣 + 𝑤)









𝑢+𝑣 =𝑣+𝑢
𝑢+𝑜 =𝑢
𝑢 + (−𝑢) = 𝑜
𝑐 ∙ (𝑢 + 𝑣) = 𝑐 ∙ 𝑢 + 𝑐 ∙ 𝑣
(𝑐 + 𝑑) ∙ 𝑢 = 𝑐 ∙ 𝑢 + 𝑑 ∙ 𝑢
(𝑐 ∙ 𝑑) ∙ 𝑢 = 𝑐 ∙ (𝑑 ∙ 𝑢)
1∙𝑢 =𝑢

Proof: All these rules can be proved by coordinate-wise calculations.
The definition of multiplication of two vectors (to be exact, there are several possible definitions of
multiplications of vectors; here we will talk about the dot product) is not quite as natural as the
definitions of addition of two vectors or the definition of the multiplication of one vector with a real
number. It can e.g. be motivated as follows:
Task: A company buys two models of memory cards: Model A with 32GB and model B with 64GB. The
cards cost 10.99 € and 16.99 € respectively. In a typical month, 120 cards from model A and 90 cards
from model B are bought.
a) How much does the company pay for the model A cards in a typical month?
b) Denote the number of pieces of models A and B in a vector 𝑛 ∈ ℝ2 , and the price of one piece
of models A and B in a vector 𝑝 ∈ ℝ2 .
c) How much does the company pay altogether for both model A and B cards in a typical
month?
Solution:
a) 120 ∙ 10.99 = 1318.80, i.e. the cost is the number of pieces multiplied by the cost per piece.
b) 𝑛 = (120, 90); 𝑝 = (10.99, 16.99)
c) 120 ∙ 10.99 + 90 ∙ 16.99 = 1,318.80 + 1,529.10 = 2,847.90
In a), we get the total cost by multiplying the number of pieces with the costs per piece. It would be a
logical next step if we would define the multiplication of vectors in such a way that in c), we would
get the total cost by multiplying the vector describing the number of pieces with the vector
describing the prices. This multiplication of vectors is defined with the idea of c) in mind:
Definition (dot product in ℝ𝟐 ; text book version): Let 𝑣 = (𝑣1 , 𝑣2 ) and 𝑤 = (𝑤1 , 𝑤2 ) be vectors in
ℝ2 . The real number 𝑣 ∙ 𝑤 is called the dot product of 𝑣 and 𝑤 (or the scalar product of 𝑣 and 𝑤), and
is defined by
𝑣 ∙ 𝑤 = 𝑣1 ∙ 𝑤1 + 𝑣2 ∙ 𝑤2
The following rules apply for the dot product:
Theorem (rules for dot product; text book version): Let 𝑢 = (𝑢1 , 𝑢2 ), 𝑣 = (𝑣1 , 𝑣2 ) and 𝑤 =
(𝑤1 , 𝑤2 ) be vectors in ℝ2 , and 𝑐 ∈ ℝ a constant real number. Then the following holds true:




𝑢∙𝑣 =𝑣∙𝑢
𝑢 ∙ (𝑣 + 𝑤) = 𝑢 ∙ 𝑣 + 𝑢 ∙ 𝑤
(𝑐 ∙ 𝑢) ∙ 𝑣 = 𝑐 ∙ (𝑢 ∙ 𝑣)

Definition (normal vectors in ℝ𝟐 ; text book version): Let 𝑣 and 𝑤 be non-zero vectors in ℝ2 . If the
dot product 𝑣 ∙ 𝑤 is zero, i.e. if
𝑣∙𝑤 =0
then 𝑣 and 𝑤 are called normal to each other. 𝑣 is called the normal vector to 𝑤 (and 𝑤 is called the
normal vector to 𝑣).
Definition (norm of a vector in ℝ𝟐 ; text book version): Let 𝑣 = (𝑣1 , 𝑣2 ) be a vector in ℝ2 . The real
number
|𝑣| = √𝑣1 2 + 𝑣2 2
is called the norm of the vector 𝑣.
The last two definitions may seem a bit arbitrary for now. After introducing the graphical
representations in section 3, their meaning will become much clearer.
The definition and rules of vector addition, scalar multiplication, dot product, normalcy and norm
also apply to vectors in ℝ3 .

3. Graphical representations of vectors in ℝ𝟐 and ℝ𝟑
Vectors in ℝ2 and ℝ3 can be conveniently represented by graphical means. We start with
demonstrating this in ℝ2 and will later come back to ℝ3 .
In ℝ2 , vectors are usually represented in one of two ways: Either as a point in Cartesian coordinates,
or as an arrow (or a class of arrows).
The representation as a point is done by using the first coordinate of the vector as the first (or 𝑥-)
coordinate of the point, and the second coordinate of the vector as the second (or 𝑦-) coordinate:
The vector 𝑣 = (𝑥1 , 𝑥2 ) can therefore be represented as follows:

Each vector is hence represented by a unique point in Cartesian coordinates. The zero vector is
represented by the point (0, 0).
The representation as an arrow is done by starting at an arbitrary point 𝐴 and move |𝑥1 | to the right
(if 𝑥1 > 0) or to the left (if 𝑥1 < 0), then move |𝑥2 | up (if 𝑥2 > 0) or down (if 𝑥2 < 0). In other words,
the arrow starts at the point 𝐴 = (𝑎1 , 𝑎2 ) and ends at the point (𝑎1 + 𝑥1 , 𝑎2 + 𝑥2 ).

Since the starting point of the arrow is arbitrary, a vector can be represented by different arrows.
They are all of equal length, parallel, and point in the same direction:

Each vector can therefore be represented by any and all of these arrows. Each arrow in the plane
does however represent a unique vector. The zero vector is an “arrow” with length zero.
Note: The vector that is represented by an arrow from a point 𝐴 to a point 𝐵 is often denoted as ⃗⃗⃗⃗⃗⃗
𝐴𝐵 .
(𝑥
)
As we mentioned before, if a vector 𝑣 = 1 , 𝑥2 is represented by an arrow starting at point 𝐴 =
(𝑎1 , 𝑎2 ), then the end point of this arrow is 𝐵 = (𝑎1 + 𝑥1 , 𝑎2 + 𝑥2 ). This also means that we can
write ⃗⃗⃗⃗⃗⃗
𝐴𝐵 = (𝑥1 , 𝑥2 ) = (𝑎1 + 𝑥1 − 𝑎1 , 𝑎2 + 𝑥2 − 𝑎2 ) = (𝑎1 + 𝑥1 , 𝑎2 + 𝑥2 ) − (𝑎1 , 𝑎2 ) = 𝐵 − 𝐴.
Occasionally this is also called the “head minus shaft” rule. The same notation used for the vector
⃗⃗⃗⃗⃗⃗ = (−𝑥1 , −𝑥2 ) = (𝑎1 − 𝑥1 − 𝑎1 , 𝑎2 − 𝑥2 − 𝑎2 ) = (𝑎1 , 𝑎2 ) −
−𝑣 = (−𝑥1 , −𝑥2 ) gives us −𝐴𝐵
⃗⃗⃗⃗⃗⃗, i.e. 𝐵𝐴
⃗⃗⃗⃗⃗⃗ represents the inverse vector to 𝐴𝐵
⃗⃗⃗⃗⃗⃗ .
(𝑎1 + 𝑥1 , 𝑎2 + 𝑥2 ) = 𝐴 − 𝐵 = 𝐵𝐴

3.1 Graphical representations of vector operations in ℝ𝟐
The addition (and subtraction) of two vectors can be represented in two ways: By point-arrowrepresentation, or by arrow-representation (the latter one is also called two-arrows-representation).
In the point-arrow-representation, one vector is represented by a point 𝐴 and the second by an
arrow ⃗⃗⃗⃗⃗⃗
𝐴𝐵. Then we can write: 𝐴 + ⃗⃗⃗⃗⃗⃗
𝐴𝐵 = 𝐵 (which follows directly from ⃗⃗⃗⃗⃗⃗
𝐴𝐵 = 𝐵 − 𝐴), i.e. if we start
⃗⃗⃗⃗⃗⃗ from there, then we get the point 𝐵 (the end point of the arrow)
at a point 𝐴 and draw an arrow 𝐴𝐵
as the result of the addition:

In the arrow-representation, one vector is represented by an arrow ⃗⃗⃗⃗⃗⃗
𝐴𝐵, and the second by an arrow
⃗⃗⃗⃗⃗⃗ . Then we can write 𝐴𝐵
⃗⃗⃗⃗⃗⃗ + 𝐵𝐶
⃗⃗⃗⃗⃗⃗ = 𝐴𝐶
⃗⃗⃗⃗⃗⃗ (since 𝐴𝐵
⃗⃗⃗⃗⃗⃗ = 𝐵 − 𝐴 and 𝐵𝐶
⃗⃗⃗⃗⃗⃗ = 𝐶 − 𝐵, we get 𝐴𝐵
⃗⃗⃗⃗⃗⃗ + 𝐵𝐶
⃗⃗⃗⃗⃗⃗ =
𝐵𝐶
(𝐵 − 𝐴) + (𝐶 − 𝐵) = 𝐶 − 𝐴 = ⃗⃗⃗⃗⃗⃗
𝐴𝐶 ), i.e. if we draw an arrow ⃗⃗⃗⃗⃗⃗
𝐴𝐵 and then draw a second arrow ⃗⃗⃗⃗⃗⃗
𝐵𝐶
⃗⃗⃗⃗⃗⃗
(i.e. the second arrow starts at the end point of the first arrow), then we get the arrow 𝐴𝐶 (the arrow
starting at the start point of the first arrow and ending at the end point of the second arrow) as the
result of the addition:

If the actual starting points of the arrows don’t matter (remember, they are arbitrary), this can also
be drawn as follows:

Since all parallel, equally long, and equally directed arrows represent the same vector, we can
parallel translate the arrow 𝑤
⃗⃗⃗ to get a different arrow starting at the same point as 𝑣⃗ but
representing the same vector:

This shows that the sum of two vectors (represented by two arrows) can be represented as the
longer diagonal arrow of the spanned parallelogram. Sometimes this is referred to as the
parallelogram rule.
Note: It can be shown that the difference of two vectors (represented by two arrows) can be
represented as the shorter diagonal arrow of the spanned parallelogram:

The multiplication of a vector 𝑣 = (𝑥1 , 𝑥2 ) with a real number 𝑐 can best be represented by using
arrows. If 𝑣⃗ denotes an arrow representing the vector 𝑣, then the vector 𝑐 ∙ 𝑣 = (𝑐 ∙ 𝑥1 , 𝑐 ∙ 𝑥2 ) is
represented by an arrow that is parallel, pointing in the same direction (if 𝑐 > 0) or the opposite
direction (if 𝑐 < 0), and is 𝑐 times as long as the arrow 𝑣⃗:

The norm of a vector can be seen as the length of an arrow representing the vector.
The dot product cannot be well represented graphically. It can however be used to calculate the
angle between the arrows representing two vectors.
Theorem (angle between vectors in ℝ𝟐 ; text book version): Let 𝑣 and 𝑤 be non-zero vectors in ℝ2 .
Then the angle 𝛼 between the two arrows 𝑣⃗ and 𝑤
⃗⃗⃗ is given by
cos 𝛼 =

𝑣∙𝑤
|𝑣| ∙ |𝑤|

𝛼 is then called the angle between the two vectors 𝑣 and 𝑤.

A special case occurs if 𝑣 and 𝑤 are normal to each other (this special case actually motivates the
definition of the word normal):
Theorem (normal vectors in ℝ𝟐 ; text book version): Let 𝑣 and 𝑤 be non-zero vectors in ℝ2 . If 𝑣 and
𝑤 are normal to each other, then the two arrows 𝑣⃗ and 𝑤
⃗⃗⃗ are normal to each other, i.e. they are at a
90° angle to each other.

Task 1: A parallelogram 𝐴𝐵𝐶𝐷 with vertices 𝐴 = (1,1), 𝐵 = (5,2) and 𝐷 = (2,4) is given. Calculate
the coordinates of vertex 𝐶!
Task 2: A triangle 𝐴𝐵𝐶 has vertices 𝐴 = (−2,2), 𝐵 = (1,1) and 𝐶 = (2,4).
a) Calculate the length of this triangles’ edges!
b) Calculate the inner angles of this triangle!
c) Calculate the coordinates of this triangles’ center of gravity!
Task 3: A vector 𝑣 = (1,2) is given. Give an example of a vector 𝑤 that is normal to 𝑣 and
a) has the same norm as v,
b) has norm |𝑤| = 2 ∙ |𝑣|,
c) has norm |𝑤| = 1.

3.2 Graphical representations of vector operations in ℝ𝟑
Addition (and subtraction) of two vectors, as well as multiplication of a vector with a real number,
can be represented in ℝ3 in exactly the same way as in ℝ2 . We shall therefore not repeat the same
explanations again, but only show two figures: One representing vector addition, and the other
multiplication with a real number.

A special vector operation that is only defined in ℝ3 but not in ℝ2 is the so-called cross product (also
called the vector product). As opposed to the dot product, its result is not a real number but a vector.
It is motivated by the fact that while in ℝ2 it is easy to get a vector that is normal to a given vector, in
ℝ3 it is not so easy.
Definition (cross product in ℝ𝟑 ; text book version): Let 𝑣 = (𝑣1 , 𝑣2 , 𝑣3 ) and 𝑤 = (𝑤1 , 𝑤2 , 𝑤3 ) be
vectors in ℝ3 . The vector 𝑣 × 𝑤 is called the cross product of 𝑣 and 𝑤 (or the vector product of 𝑣 and
𝑤), and is defined by
𝑣 × 𝑤 = (𝑣2 ∙ 𝑤3 − 𝑣3 ∙ 𝑤2 , 𝑣3 ∙ 𝑤1 − 𝑣1 ∙ 𝑤3 , 𝑣1 ∙ 𝑤2 − 𝑣2 ∙ 𝑤1 )

The following rules and properties apply for the cross product:
Theorem (rules for cross product; text book version): Let 𝑢 = (𝑢1 , 𝑢2 , 𝑢3 ), 𝑣 = (𝑣1 , 𝑣2 , 𝑣3 ) and 𝑤 =
(𝑤1 , 𝑤2 , 𝑤3 ) be vectors in ℝ3 , and 𝑐 ∈ ℝ a constant real number. Then the following holds true:




𝑢 × 𝑣 = −(𝑣 × 𝑢)
𝑢 × (𝑣 + 𝑤) = 𝑢 × 𝑣 + 𝑢 × 𝑤
𝑐 ∙ (𝑢 × 𝑣) = (𝑐 ∙ 𝑢) × 𝑣 = 𝑢 × (𝑐 ∙ 𝑣)




𝑢 × 𝑣 is normal to 𝑢 and normal to 𝑣 (if 𝑢 and 𝑣 are non-zero vectors)
|𝑢 × 𝑣| is the area of the parallelogram spanned by the arrows 𝑢
⃗⃗ and 𝑣⃗.

Task 1:

Let 𝐴𝐵 be a line segment with 𝐴 = (2,1,0) and 𝐵 = (5,4,3). Calculate the coordinates of a point 𝑇 on
the line segment, whose distance from 𝐴 is double as much as its distance from 𝐵.
Task 2:

A regular triangular prism 𝐴𝐵𝐶𝐷𝐸𝐹 has coordinates 𝐴 = (−2,2,0), 𝐵 = (1,1,1), 𝐶 = (2,4, −1), and
height ℎ = 3. Calculate the coordinates of vertex 𝐸!
Many applications of vectors can also be found outside of geometry, e.g. in physics, mechanics,
aerodynamics, electrical engineering, or navigation. We give a typical example from school
mathematics here:

Task: A barrel of 70 kg mass rolls down a ramp that has an angle of 20°.

a) Calculate the norm (in physics, it would be called the magnitude) of the downhill force 𝐹𝑑 and
of the normal force 𝐹𝑛 !
b) Can the magnitude of the normal force 𝐹𝑛 be larger than the magnitude of the weight force
𝐹𝑤 ? Why, or why not?
c) Give a number of arguments why this task is only a model (some may say an oversimplification) of the real situation!

4. From vector to vector space – and back
The graphical representation of vectors as points or arrows in ℝ2 and ℝ3 can lead students to think
that a vector is a point or an arrow, particularly since most tasks in school mathematics use this
representation. A vector is however a more general object. This topic could be approached by
reminding students that originally a vector (in school) was introduced as an ordered pair or triple,
and later as an 𝑛-tuple. Only those vectors that are ordered pairs or triples can be reasonably
represented graphically as points or arrows, while most others cannot. Vectors were introduced to
describe situations where one number was not sufficient for this description. There may be situations
(and there are) where 2, 3, 4, … 𝑛 numbers are required. And why stop there? There may be
situations (and again, there really are) where one needs infinitely many numbers. And why does it
have to be numbers? There may be situations where one needs a certain number of other
mathematical objects to describe them. All those situations could use the concept of vectors, and the
current definition of a vector as an 𝑛-tuple is falling short to allow that.
Well, what then is a vector? How does it look like after all? We are here in a situation that physicists
have been in about 100 years ago when trying to describe an atom. For a long time, an atom was an
indivisible object. Then several models of atoms came up (Thomson, Rutherford, Bohr etc.), trying to
describe what an atom is or looks like. But they all fell short, since they could not explain all
experimentally observed properties of atoms. And then there was a change of paradigm, when
theoretical physicists stopped trying to describe what an atom is or looks like, and started to describe
an atom by what it does, how it behaves, i.e. by its properties (which resulted into what we now call
quantum mechanics). There is a purported conversation between Einstein (who was not convinced of
quantum mechanics) and Heisenberg (who was a proponent of it):

Einstein: That [quantum mechanics] is all well and good, but how does an atom now actually
look like?
Heisenberg: An atom does not “look like”.
Whether this dialog actually took place is unclear, but it demonstrates the situation quite well. An
atom cannot be described by asking what it looks like, but only by asking what its properties are. The
same holds true for a vector.
But let us make one thing very clear: The models of atoms are still important to allow students to
understand the ideas and concepts behind the term “atom”. One should not start with the
Schrödinger Equation to explain atoms to someone who has never heard about atoms, but start with
the models and representations and then gradually move on. The same goes for vectors. We have
started with the representations, now we shall proceed by describing vectors by their properties
(which are basically the properties of vector addition and scalar multiplication that we gave in section
2).
Definition (vector space): Let (𝐹, +,∙) be a field, and let 𝑉 be a set with an inner operation ⊕: 𝑉 ×
𝑉 → 𝑉 (vector addition) and an outer operation ⊙: 𝐹 × 𝑉 → 𝑉 (scalar multiplication). (𝑉,⊕,⊙) is
called a vector space over the field 𝐹 (or sometimes just a vector space over 𝐹), if the following
(which is called the vector space axioms) holds true for all 𝑢, 𝑣, 𝑤 ∈ 𝑉 and for all 𝑐, 𝑑 ∈ 𝐹:








𝑢 ⊕ (𝑣 ⊕ 𝑤) = (𝑢 ⊕ 𝑣) ⊕ 𝑤 (associativity of vector addition)
There exists an element 𝑜 ∈ 𝑉 such that 𝑣 ⊕ 𝑜 = 𝑜 ⊕ 𝑣 = 𝑣 (neutral element of vector
addition, “zero vector”)
For each 𝑣 ∈ 𝑉 there exists an element −𝑣 ∈ 𝑉 such that 𝑣 ⊕ −𝑣 = −𝑣 ⊕ 𝑣 = 𝑜 (inverse
element of vector addition, “inverse vector”)
𝑢 ⊕ 𝑣 = 𝑣 ⊕ 𝑢 (commutativity of vector addition)
𝑐 ⊙ (𝑢 ⊕ 𝑣) = (𝑐 ⊙ 𝑢) ⊕ (𝑐 ⊙ 𝑣) (distributivity of vector addition with scalar
multiplication)
(𝑐 + 𝑑) ⊙ 𝑣 = (𝑐 ⊙ 𝑣) ⊕ (𝑑 ⊙ 𝑣) (distributivity of vector and field addition with scalar
multiplication)
If 𝑒 ∈ 𝐹 is the neutral element of the field multiplication (also called the multiplicative
identity in 𝐹, or the “1 element”), then 𝑒 ⊙ 𝑣 = 𝑣 (neutrality of the multiplicative field
identity with scalar multiplication)

An element 𝑣 ∈ 𝑉 is called a vector (sometimes also a vector over 𝐹, or an 𝐹-vector).
Now this definition may look a bit hard to handle, but it is just a list of the very same properties that
we already know from the vectors in ℝ2 and ℝ3 which we talked about in section 2. The field in that
case was ℝ, and instead of ⊕ and ⊙ we used the traditional symbols + and ∙ (which is often done,
also at university).
With this knowledge, and with the theorem from section 2 (rules for vector operations), we can
easily proof the following:
Theorem (examples of vector spaces): (ℝ2 , +,∙), (ℝ3 , +,∙), and generally (ℝ𝑛 , +,∙) for 𝑛 ∈ ℕ∗, are
vector spaces over the field ℝ (if + and ∙ are defined as above in section 2, i.e. as the “usual”
coordinate-wise vector addition and scalar multiplication).

Further examples of vector spaces:
a) (ℂ2 , +,∙), (ℂ3 , +,∙), and generally (ℂ𝑛 , +,∙) for 𝑛 ∈ ℕ∗ , are vector spaces over the field ℂ (if +
and ∙ are defined as the “usual” coordinate-wise vector addition and scalar multiplication,
albeit with complex numbers).
b) As a generalization of item a, if 𝐹 is a field then (𝐹 𝑛 , +,∙) for 𝑛 ∈ ℕ∗, is a vector space over 𝐹
(again if + and ∙ are defined as the “usual” coordinate-wise vector addition and scalar
multiplication, albeit with those operations being performed in the field 𝐹).
c) Let ℱℝ = {𝑓: ℝ → ℝ} be the set of all real functions. If + and · are defined pointwise, i.e.
(𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥) and (𝑐 ∙ 𝑓)(𝑥) = 𝑐 ∙ 𝑓(𝑥) for all 𝑥 ∈ ℝ, then (ℱℝ , +,∙) is a vector
space over ℝ.
d) Again with pointwise addition and scalar multiplication, (ℝ[𝑋], +,∙), where ℝ[𝑋] is the set of
all polynomials over ℝ, is a vector space over ℝ. Also (ℝ𝑛 [𝑋], +,∙) with 𝑛 ∈ ℕ∗ , where ℝ𝑛 [𝑋]
is the set of all polynomials of degree ≤ 𝑛, is a vector space over ℝ.
A detailed discussion of vector spaces, their properties, basis, dimension, connection to systems of
linear equations etc. will be left to the Linear Algebra lectures. We hope this chapter was useful to
“bridge the gap” between concrete vectors in school and the abstract vector concept of university.

