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1.

Linear functions

1.1 LINEAR FUNCTIONS INTRODUCTION
If we decide to hop into a taxicab in New York the meter can immediately read $3.30; this is
the “drop” charge made when the taximeter is activated.

After that initial fee, the taximeter will add $2.50 for each mile the taxi drives.

In this scenario, the total taxi fare depends of course upon the miles ridden in the taxi. Using
Algebra and setting the correct variables we have m for miles and C for Cost in dollars as a
function of miles: C(m).
We know for certain that C (0)  3.30 . Since $2.50 is added for each mile driven, then

C (1) = 3.30+ 2.50 = 5.80
If we then drove a second mile, another $2.50 would be added to the cost:

C (2) = 3.30+ 2.50+ 2.50 = 3.30 + 2.50(2) = 8.30
If we drove a third mile, another $2.40 would be added to the cost: 10.80
From this we might observe the pattern, and conclude that if m miles are driven,

C (m) = 3.30 + 2.50m
Looking in the following table we can see the cost changes by $2.50 for every 1 mile
increase.
m

0

1

2

3

C(m)

3.30

5.70

8.10

10.50

Graphing this equation, C (m ) = 3.30 + 2.50m we see the shape is a line, which is how these
functions get their name: linear functions.
When the number of miles is zero the cost is $3.30, giving the point (0, 3.30) on the graph.
This is the vertical or C(m) intercept. The graph is increasing in a straight line from left to
right because for each mile the cost goes up by $2.50; this rate remains consistent.
A linear function is a function whose graph produces a line. Linear functions can always be
written in the form:

f ( x)  b  mx
or

f ( x)  mx  b ;
where:
b is the initial or starting value of the function (when input, x = 0), and
m is the constant rate of change of the function (also called slope).

The slope determines if the function is an increasing function or a decreasing function.

f ( x)  b  mx
is an increasing function if:
m0

f ( x)  b  mx
is a decreasing function if:
m0

If
m0

the rate of change zero, and the function:

f ( x)  b  0x  b
is just a horizontal line passing through the point (0, b), neither increasing nor decreasing.
Graphically, in the equation:

f ( x)  b  mx
b is the vertical intercept of the graph and tells us we can start our graph at (0, b), m is the
slope of the line and tells us how far to rise & run to get to the next point. The horizontal

intercept of the function is where the graph crosses the horizontal axis. If a function has a
horizontal intercept, you can always find it by solving f(x) = 0.

Horizontal lines have equations of the form

f ( x)  b
Vertical lines have equations of the form
x=a
Given two values for the input, x1 and x2 , and two corresponding values for the output,

y1 and y2 , or a set of points, ( x1 , y1 ) and ( x2 , y 2 ) , if we wish to find a linear function that
contains both points we can calculate the rate of change, m:
m

change in output y y 2  y1


change in input
x x 2  x1

Rate of change of a linear function is also called the slope of the line.
Note in function notation, y1  f ( x1 ) and y2  f ( x2 ) , so we could equivalently write

m

f  x2   f  x1 
x2  x1

Two lines are parallel if the slopes are equal (or, if both lines are vertical). In other words,
given two linear equations f ( x)  b  m1 x and g ( x)  b  m2 x
The lines will be parallel if :

m1  m2

Given two linear equations

f ( x)  b  m1 x
and

g ( x)  b  m2 x
The lines will be perpendicular if :

m1m2  1,
and so
m2 

1
m1

We often say the slope of a perpendicular line is the “negative reciprocal” of the other line’s
slope.

The graphs of two lines will intersect if they are not parallel. They will intersect at the point
that satisfies both equations. To find this point when the equations are given as functions,
we can solve for an input value so that

f ( x)  g ( x)
In other words, we can set the formulas for the lines equal, and solve for the input that
satisfies the equation.

As we said before, with the aim to give to this document a multimedia setting, we refer to
the following Khan Academy open video useful to have more input about linear and not
linear function: https://www.khanacademy.org/math/cc-eighth-grade-math/cc-8th-linearequations-functions/linear-nonlinear-functions-tut/v/linear-and-nonlinear-functionsexample-3
Interesting application of these knowledge in several real problems should be
proposed by the application MapCityMath: https://mathcitymap.eu/en/

1.2 MODELING WITH LINEAR FUNCTIONS
Looking to the didactical difficulty that Math Teachers have to take into account on this
particular Math subject, particular attention is due to the solution of real word problems in
which relations among known and unknown numbers are involved in the form of linear
equations.

As we said before, to study and to solve real problem related to linear equation and so linear
function is always difficult for School students. The process of modelling in fact needs
different steps, not always “simple“ in the problem solving activity.
We can summarise as following:
1) Identify changing quantities, and then carefully and clearly define descriptive variables to
represent those quantities. When appropriate, sketch a picture or define a coordinate
system.

2) Carefully read the problem to identify important information. Look for information giving
values for the variables, or values for parts of the functional model, like slope and initial
value.
3) Carefully read the problem to identify what we are trying to find, identify, solve, or
interpret.
4) Identify a solution pathway from the provided information to what we are trying to find.
Often this will involve checking and tracking units, building a table or even finding a formula
for the function being used to model the problem.
5) When needed, find a formula for the function.
6) Solve or evaluate using the formula you found for the desired quantities.
7) Reflect on whether your answer is reasonable for the given situation and whether it makes
sense mathematically.
8) Clearly convey your result using appropriate units, and answer in full sentences when
appropriate

In the following Khan Academy open videos some interesting didactical examples:
https://www.khanacademy.org/math/cc-eighth-grade-math/cc-8th-linear-equationsfunctions/8th-linear-functions-modeling/v/exploring-linear-relationships

An interesting application of these knowledge should be discuss the following problem
related to a real a situation.
[MOOC] Linear functions: Cartesian diagram in the field:
https://mathcitymap.eu/en/portal-en/#!/task/2322973
The map shows a coordinate system. Set two points to determine a linear function f (x) = 2x +
4

The ARAL project is really rich of items and ides useful for the future math Teacher on this
Math subject: http://www.progettoaral.it/aral-project/

2.

Quadratic functions

2.1 QUADRATIC FUNCTIONS AND CONICS
A function f of the form f (x) = ax2 + bx + c where a, b, and c are constants, with a
ƒ= 0, is called a quadratic function. The simplest quadratic function is f (x) = x2, with a
graph called a parabola.
A parabola is the graph of a quadratic function.
The vertex of a parabola is the point where the line of symmetry of the parabola
intersects the parabola. Every parabola is symmetric around a line, called the axis of
symmetry.
For example, consider the parabolas f (x) = x2 and g(x) = −3(x + 5)2 −7, with axes
of symmetry at x = 0 and x = −5, respectively.
The vertex of a parabola is either the maximum, or the minimum point of the graph,
depending on which way the parabola opens. This is deter- mined by the leading
coefficient of x2: in f (x) = ax2 + bx + c, if a > 0, then the parabola opens up and the

vertex is the minimum point. If a < 0, then the parabola opens down and the vertex is
the maximum point.

The y intercept of the parabola f (x) = ax2 + bx + c is at (0, c).

Completing the Square and the Quadratic Formula
One way to find the vertex of a parabola is by completing the square. Our goal is
to find the horizontal shift, by writing the equation of the parabola in the form of
f (x) = a(x − h)2 + k. Then the vertex would be at the point (h, k).

For Example:
Find the vertex of the following parabolas. A. f (x) = (x + 3)2 + 4.
B. f (x) = 5x2 + 2x + 3.

Parabolas and Quadratic Functions
We may complete the square for f (x) = ax2 + bx + c to obtain the general formula
when f (x) = 0.
Consider the equation
ax2 + bx + c = 0,
where a, b, and c are real numbers, with a ƒ= 0.
As we just recall before:
• If b2 − 4ac < 0, then the equation
• If b2 − 4ac

above has no real solutions.

= 0, then the equation above has one solution:
x = −b/2a

If b2 − 4ac > 0, then the equation above has two solution from the formula:
x = - (b) ± √b2 – 4ac
2a

Suppose that f is a quadratic function such that the equation f (x) = 0 has exactly one
solution. Show that this solution is the first coordinate of the vertex of the graph of f
and that the second coordinate of the vertex equals 0.

An interesting application of these knowledge should be discuss the following problem
related to a real a situation.
Parabola: https://mathcitymap.eu/en/portal-en/#!/task/849502
The arc of this pavillon can be described as a parabola. Which Formula describe the parabola
best? 1m is equal to 1unit. You have to tick ALL the right answers.

In the link In next paragraphs we complete the discussed subject on quadratic
expressions to find other conic sections’ equations we want to quote. We report to:
https://www.superprof.co.uk/ to find interesting word real problem related to quadratic
function an their solution as the following one:

Circles
A circle is the set of points equidistant from a center point. This constant
distance is called the radius of the circle. From the distance formula, we obtain
the equation of the circle. The equation of the form
(x − h)2 + (y − k)2 = r2
is a circle with center at (h, k) and radius r.

For example:
What is the center and the radius of the following circle?
3(x − 3)2 + 3(y + 5)2 = 98.

Ellipses
An ellipse is the set of points with constant sum of distances from two focus
points. The ellipse has equation of the form:
x2

y2

+
= 1,
a2 b2
where the horizontal axis is 2a units long, and the vertical axis is 2b units long. The
foci are on the longer axis, a distance of c from the center. Depending on whether a
> b or b > a, the equation is a2 = b2 + c2 or b2 = a2 + c2, respectively.

An interesting application of these knowledge should be discuss the following problem
related to a real a situation.

The

ellipse

in

the

Centrum

gallery:

https://mathcitymap.eu/en/portal-

en/#!/task/2112961
All the arches of the Centrum gallery have an elliptical shape. Having established an
appropriate reference system with units of measurement equal to one centimeter,
we would like to know the eccentricity (approximated to one hundredth) of the
ellipse contained in an arc of the tunnel.

Hyperbolas
A hyperbola is the set of points with constant difference of distances from two
focus points. The hyperbola has equation of the form
x2

y2

−
=1
a2 b2
or
y2

x2

−
= 1,
b2 a2
where we may draw a rectangle with sides 2a and 2b at the center. The hyperbola
opens up and down if the y term is positive, and opens right and left if the x term is
positive. The foci are on the axis with positive term, c units from the center, with
equation c2 = a2 + b2.

Many other interesting application of these knowledge in several real problems
should be proposed by the application MapCityMath: https://mathcitymap.eu/en/

Resources:

Wolfram Problem Generator
https://www.khanacademy.org/math/algebra-home/alg-basic-eq-ineq/alg-old-schoolequations/v/algebra-linear-equations-1
https://www.khanacademy.org/math/algebra-home/alg-basic-eq-ineq/alg-old-schoolequations/v/algebra-linear-equations-2
https://www.khanacademy.org/test-prep/sat/sat-math-practice/new-sat-heart-ofalgebra/v/sat-linear-equation-harder
https://www.khanacademy.org/test-prep/sat/sat-math-practice/new-sat-heart-ofalgebra/v/sat-linear-equation-easier
https://www.khanacademy.org/math/cc-eighth-grade-math/cc-8th-linear-equationsfunctions/linear-nonlinear-functions-tut/v/linear-and-nonlinear-functions-example-3
https://www.khanacademy.org/math/cc-eighth-grade-math/cc-8th-linear-equationsfunctions/8th-linear-functions-modeling/v/exploring-linear-relationships
http://www.progettoaral.it/aral-project/
https://us.sofatutor.com/mathematics/videos/word-problems-with-quadratic-equations
https://www.onlinemathlearning.com/quadratic-equations-word-problems.html
https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&ved=2ahUKEwiH5oHcuJzuA
hUECuwKHfsFCzQQFjAIegQIBxAC&url=http%3A%2F%2Fspot.pcc.edu%2F~kkling%2FMth_95%2FSecti
onV_Quadratic_Equations_and_Functions%2FModule3%2FModule3_Graphing_Quadratic_Functions
_Pete_old.doc&usg=AOvVaw0QUc66lJMw9-xCKtLwra1t

https://www.superprof.co.uk/
https://mathcitymap.eu/en/

