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Exponential and Logarithmic Functions 
 

1. Exponential Functions 

Definition: 
If b is any number such that b > 0 and b ≠ 1, then an exponential function shall be a function in the 
form, 

𝑓(𝑥) = 𝑏𝑥 

where b is called the base and x can be any real number. 

Properties of Exponential Functions: 
I. A plotted exponential function will always contain the point (0, 1). In other words f(0) = 1 

regardless of the base including 0: 
𝑓(0) = 𝑏0 = 1 

II. For every base b any exponential function 𝑓(𝑥) = 𝑏𝑥 will greater than zero (i.e. 𝑏𝑥 ≠ 0). 
III. A plotted exponential function for 0 < b < 1 will decrease as we move from left (-infinity) to 

right (+infinity).  
IV. A plotted exponential function for b > 1 will increase as we move from left (-infinity) to right 

(+infinity). 
V. Two exponential functions with their bases being equal, are equal if and only if their 

respective exponents are also equal: 
𝑏𝑥 =  𝑏𝑦  ⇔ 𝑥 = 𝑦 

VI. 𝑎𝑥+𝑦 =  𝑎𝑥 ∗ 𝑎𝑦 

VII. 𝑎𝑥−𝑦 =
𝑎𝑥

𝑎𝑦 

VIII. 𝑎𝑥∗𝑦 =  𝑎𝑦 𝑥 
 

 
 
 

Exponential vs. Linear Growth: 
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Linear growth is the most basic and easiest to understand type of a growth. As an example of linear 
growth, we can imagine a hen giving us one egg per day. After three days we shall have three eggs, 
in five days five eggs etc.  
On the other hand, exponential growth accelerates in time. Let’s try to imagine a mould on a bread 
caused by a type of microorganism that doubles its population every 24 hours. Starting with a 1cm of 
a visible mould, we should observe that after one day this size doubles to 2cms, after 2 days grows 
to 4cms etc.  

 
 
Exponential Functions in Real Life: 

I. Study of Microorganisms in Culture 
● Microbes grow at a fast rate when they are provided with unlimited resources and a 

suitable environment. Following the concept of exponential growth allows for a 
study of the organism to be relatively easy. 

II. Spoilage of Food 
● Similarly, as in the previous point, given a warm temperature and potentially higher 

humidity can lead to an exponential growth of microorganisms responsible for the 
green discolouration of food (bread, meat, cheese) 

III. Continuously Compound Interest 
● Compound interest is an addition of an interest to the principal amount of a loan or 

a deposit 
● In other words, a compound interest is calculated from the principal and the interest 

rate, where the interest is added to the principal for the next period (interest on 
principal and previously accumulated interests) 

● If the period is infinitesimal, the interest shall then be called Continuously 
Compound Interest 

● A base for the calculation of a continuously compounded interest is Euler’s Number 
(e = 2.7182818284590452353602874713527, 
https://www.mathsisfun.com/numbers/e-eulers-number.html ) 

IV. Pandemics – COVID 19 
● A pandemic is defined as an epidemic occurring worldwide, or over a very wide area, 

crossing international boundaries and usually affecting a large number of people 
● Transmissibility is estimated by the effective reproduction number R0; The value of 

R0 represents a number of people who get infected by a single infectious person 
● R0 < 1 suggests that the existing infection causes less than one new infection and 

will therefore decline and eventually die out 
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● R0 = 1 means that one infected person infects exactly one healthy person; The 
growth will be linear, but won’t lead to an outbreak 

● R0 > 1 will cause an outbreak as each infected person will infect more than one 
other person and will cause an exponential growth 

●  WHO suggests in a publication from June 2020 that COVID 19 has an R0 number of 2 
– 4 

 
 

V. Human Population 
● Human population is another example of an exponential growth 
● Below we plotted a known data for the population growth from the beginning of the 

20th century 
 

  
 
 
Practice your Understanding: 

I. Given the function f(x) = 4x evaluate each of the following: 
● f(-2) 
● f(-1/2) 
● f(0) 
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● f(1) 
● f(3/2) 

II. Given the function f(x) = (1/5)x evaluate each of the following: 
● f(-3) 
● f(-1) 
● f(0) 
● f(2) 
● f(3) 

III. Sketch each of the following: 
● f(x) = 6x 
● f(x) = 6x - 9 
● f(x) = 6x+1 

IV. Sketch the graph of: 
● f(x) = ex 

V. Sketch the graph of: 
● f(x) = ex-3 + 6 

VI. Grains of wheat and chessboard 
● This problem was published by Ibn Kallikan in 1256. You can look it up on the 

Internet if you want to.  
● On a chessboard, 1 grain of wheat is placed on the first square, 2 on the second 

square, 4 on the third square, 8 on the fourth square, 16 on the fifth square, and so 
on for all 64 squares.  

● How many grains of wheat are needed? 
VII. Problem 79 from the Rhind Papyrus 

● The Rhind Papyrus was written by the scribe Ahmes, who lived in Egypt from 1680 to 
1620 BC. It was found by the archeologist Rhind in 1858.  

● There are seven houses; in each house there are seven cats; each cat kills seven 
mice; each mouse has eaten seven grains of barley; each grain would have produced 
seven hekat (Hekat = a volume measure of ancient Egypt) 

● What is the sum of all the enumerated things? 
 
 
Sources: 
https://tutorial.math.lamar.edu/Classes/Alg/ExpFunctions.aspx 
https://studiousguy.com/real-life-examples-exponential-growth/ 
https://www.worldometers.info/world-population/ 
https://www.who.int/docs/default-source/coronaviruse/risk-comms-updates/update-28-covid-19-
what-we-know-may-2020.pdf?sfvrsn=ed6e286c_2 
https://ourworldindata.org/covid-cases 
https://web.pa.msu.edu/people/stump/champ/exp.pdf 
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https://www.who.int/docs/default-source/coronaviruse/risk-comms-updates/update-28-covid-19-what-we-know-may-2020.pdf?sfvrsn=ed6e286c_2
https://ourworldindata.org/covid-cases
https://web.pa.msu.edu/people/stump/champ/exp.pdf


 
 

2. Logarithmic Function 

Definition: 
If b is any number such that b > 0 and b ≠ 1 and x > 0 then, 

𝑓(𝑥) = 𝑦 =  𝑙𝑜𝑔𝑏𝑥  is equivalent to 𝑏𝑦 = 𝑥 
where b is called the base and x can be any positive real number. We shall read this as “log base b of 

x”. 

In simple words, a logarithmic function is an inverse to an exponential function. 

 

Properties of Logarithmic Functions: 
I. A plotted exponential function will always contain the point (1, 0). In other words f(1) = 0 

regardless of the base: 
𝑙𝑜𝑔𝑏1 = 0 is implied from the fact that:  

𝑏0 = 1 

II. 𝑙𝑜𝑔𝑏𝑏 = 1 is implied from the fact that: 
𝑏1 = 𝑏 

III. 𝑙𝑜𝑔𝑏𝑏𝑥 = 𝑥 which we can generalise as: 

𝑙𝑜𝑔𝑏𝑏𝑓(𝑥) = 𝑓(𝑥) 

IV. 𝑏𝑙𝑜𝑔𝑏𝑥 = 𝑥 which we can generalise as: 

𝑏𝑙𝑜𝑔𝑏𝑓(𝑥) = 𝑓(𝑥) 

V. 𝑙𝑜𝑔𝑏(𝑥𝑦) = 𝑙𝑜𝑔𝑏𝑥 + 𝑙𝑜𝑔𝑏𝑦 

VI. 𝑙𝑜𝑔𝑏 (
𝑥

𝑦
) = 𝑙𝑜𝑔𝑏𝑥 − 𝑙𝑜𝑔𝑏𝑦 

VII. 𝑙𝑜𝑔𝑏(𝑥𝑛) = 𝑛𝑙𝑜𝑔𝑏𝑥 

VIII. 𝑙𝑜𝑔𝑏𝑥 =
𝑙𝑜𝑔𝑎𝑥

𝑙𝑜𝑔𝑎𝑏
 

IX. 𝑙𝑜𝑔𝑏𝑥 = 𝑙𝑜𝑔𝑏𝑦  ⇔ 𝑥 = 𝑦 
 

 

Natural and Common Logarithms: 
Natural and common logarithms are special cases of general logarithms.  
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a) Natural logarithm takes as a base Euler’s number e (e = 

2.7182818284590452353602874713527, https://www.mathsisfun.com/numbers/e-eulers-

number.html ) and is using the following notation: 

𝑙𝑜𝑔 𝑙𝑜𝑔 𝑥 =  𝑙𝑜𝑔10𝑥 

b) Common logarithm takes as a base 10 and is using the following notation: 

𝑙𝑛 𝑙𝑛 𝑥 =  𝑙𝑜𝑔𝑒𝑥 

 

 

Logarithmic vs. Linear Scale: 
Linear scale is defined as a scale with equally spaced its unit points. In other words, we can say that 
the value between two consecutive points remains the same no matter where on the line you 
happen to be. As an example, we can imagine a simple ruler and look at the distance between 2 and 
3. This distance is one cm. For a very long ruler the distance between 100 and 101; 50,000 and 
50,001 or even 1,000,000 and 1,000,001 would still be one cm.  
Logarithmic scale on the other hand grows with the power of the base. Let’s use the base of 10 to 
illustrate what we mean. What we would understand as a number represents a power on such scale. 
For example, 0 would mean 10 to the power of 0 making it 1; 3 would mean 10 to the power of 3 
equal to 1,000. To understand events that tend to differ exponentially in their magnitude, we would 
use a logarithmic scaling. We can say that logarithms put quickly growing numbers on a human-
friendly scales 
 

Distance on a Scale 0 1 2 3 4 5 

Linear Representation 0 1 2 3 4 5 

Logarithmic Representation 1 10 100 1,000 10,000 100,000 

 

Logarithmic Functions in Real Life: 
I. The Richter Scale 

● The magnitude of earthquake is measured in Richter scale which is logarithmic and 
increases by a factor of 10^(3/2) ≈ 32 with each integer on the scale measured as an 
amount of energy released 
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● That implies that an earthquake with a magnitude of 8 would release 1,000 times 
more energy than a magnitude 6 earthquake; or 1,000,000 times more energy than 
a magnitude 4 energy 

 
 

II. Sound Intensity 
● The unit for measuring a sound intensity is called Decibel 
● Sounds can vary from very quiet ones (e.g. sound of a mosquito) to extremely loud 

ones (e.g. an explosion) 
● Logarithms used to represent decibels keep everything on a reasonable scale 

III. pH Measurement 
● pH measurements have been widely to assess the acidity of fluids 
● pH is defined as the common logarithm of the reciprocal of the hydrogen ion activity 

in a solution 
IV. Growth (natural logarithm) 

● Assuming continuously compounded interest rates, we can use natural logarithm to 
calculate what is an implicit interest rate of the growth of the 
savings/investments/GDP 

 
Practice your Understanding: 

I. Evaluate each of the following: 
● 𝑙𝑜𝑔416 
● 𝑙𝑜𝑔264 

● 𝑙𝑜𝑔5
1

125
 

● 𝑙𝑜𝑔1

3

81 

● 𝑙𝑜𝑔3

2

27

32
 

II. Evaluate each of the following: 
● 𝑙𝑜𝑔 1,000 
● 𝑙𝑜𝑔 0.0001 

● 𝑙𝑛
1

𝑒
 

● 𝑙𝑛√𝑒 
● 𝑙𝑜𝑔421 

III. Simplify each of the following: 
● 𝑙𝑜𝑔4(𝑚5𝑛2) 



 
 

● 𝑙𝑜𝑔 (
𝑚9𝑛5

𝑝3 ) 

● 𝑙𝑛√𝑚𝑛 

● 𝑙𝑜𝑔6(
(𝑚+𝑛)4

𝑚4+ 𝑛4) 

IV. Rewrite following as a single form logarithm with a coefficient of 1: 
● 3𝑙𝑜𝑔4𝑚 - 5𝑙𝑜𝑔4𝑛 
● 2𝑙𝑜𝑔(𝑚) + 10𝑙𝑜𝑔(𝑛) 
● 7𝑙𝑛(𝑚+n) – 3ln(𝑛) + 𝑙𝑛(𝑚) 

 
 
 
 
Sources: 
https://tutorial.math.lamar.edu/Classes/Alg/ExpFunctions.aspx 
https://www.sciencedirect.com/topics/engineering/richter-scale 
https://www.sciencedirect.com/topics/medicine-and-dentistry/ph-measurement 
 

https://tutorial.math.lamar.edu/Classes/Alg/ExpFunctions.aspx
https://www.sciencedirect.com/topics/engineering/richter-scale
https://www.sciencedirect.com/topics/medicine-and-dentistry/ph-measurement

