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Mathematics Bridging Course 
Unit 3c – Trigonometric Functions 

  



1. Introduction to trigonometric functions  

As in the other chapters, also for third one we want to stress the idea that the Trigonometric functions 

have to be presented in classroom in order link math theory to real students file trough interesting 

stimuli and approach. Here we briefly present some of these. 

According to this idea, in fact, the starting didactical point should be to show in classroom a video 

realized by some student as this one https://www.youtube.com/watch?v=Qv2W0KM3W4c and 

discuss about it. 

Another approach should be to use word problems s the following 

(https://mathbitsnotebook.com/Geometry/Trigonometry/TGElevDepress.html):  

asking students to “solve” these. 

Differently teacher can start discovering the History of Trigonometric and linking to real students fife. 

In this sense the video https://www.youtube.com/watch?v=RxsdDkgJRAY could be useful. 

Of course after that teacher have to present the Trigonometric theory  starting from the general 

concept of angle and its proprieties. In this chapter we are trying to summarize some important and 

useful notes to focus attention on trigonometric function and their possible application in School 

Mathematics contexts.   Of course the text doesn’t want to be exhaustive but it aims to point out some 

math elementary theoretical aspect on the same mathematics subject.   

1.1. The trigonometric circle 

Take an x-axis and an y-axis (orthonormal) and let O be the origin. A circle centered in O and with 

radius = 1, is called a trigonometric circle or unit circle. Turning counterclockwise is the positive 

orientation in trigonometry (fig. 1). An angle is the figure formed by two rays that have the same 

beginning point. That point is called the vertex and the two rays are called the sides of the angle (also 

legs). If we call OA̅̅ ̅̅  the initial side of the angle and OB̅̅ ̅̅  the terminal side, then we have an oriented 

https://www.youtube.com/watch?v=Qv2W0KM3W4c
https://mathbitsnotebook.com/Geometry/Trigonometry/TGElevDepress.html
https://www.youtube.com/watch?v=RxsdDkgJRAY
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angle. This angle is referred to as ∠AOB and the orientation is indicated by an arrow from the initial 

side to the terminal side. We can draw the arrow also in the opposite direction, still starting from the 

initial side of the angle OA̅̅ ̅̅ . Both angles represent the same oriented angle. The angle ∠BOA is a 

different oriented angle which we call the opposite angle of ∠AOB (fig. 2). 

An oriented angle is the set of all angles which can be transformed to each other by a rotation and/or 

a translation! 
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fig. 1 : the trigonometric circle fig. 2 : angles∠AOB and ∠BOA 

The introduction of the trigonometric circle makes it possible to attach a value to each oriented angle 

∠AOB, which we will call α from now on. Represent the oriented angle in the trigonometric circle and 

let the initial side of this angle coincide with the x-axis (see fig. 1). Then the terminal side intersects 

the trigonometric circle in point Z. Then Z is the representation of the oriented angle α on the 

trigonometric circle. 

 

 

 

 

 

 

 

 

        fig. 3 : the four quadrants

 

 

If Z ∈ I: angle α belongs to the first quadrant. 

If Z ∈ II: angle α belongs to the second quadrant. 

If Z ∈ III: angle α belongs to the third quadrant. 

If Z ∈ IV: angle α belongs to the fourth quadrant.

 

 + 

 



 

There are two commonly used units of measurement for angles. The more familiar unit of 

measurement is that of degrees. A circle is divided into 360 equal degrees, so that a right angle is 90°. 

Each degree is subdivided into 60 minutes and each minute into 60 seconds. The symbols °, ' and " are 

used for degrees, arcminutes and arcseconds. 

 

In most mathematical Math School textbook angles are typically measured in radians rather than 

degrees. 

 

An angle of 1 radian determines on the circle an arc with length the radius of the circle. Because the 

length of a full circle is 2πR, a circle contains 2π radians. Contrariwise, if one draws in the centre of a 

circle with radius R an angle of θ radians, then this angle determines an arc on the circle with length 

θ·R. Subdivisions of radians are written in decimal form. 

 

Next to Z you can put an infinite number of values which differ from each other by an integer multiple 

of 360° or 2π, because you can make more turns in one or the other direction starting at the initial 

side of the angle and arriving at the terminal side of the angle (these angles are called coterminal). The 

set of all these values is called the measure of the oriented angle α. The principal value of α is that 

value which belongs to ]- 180°, 180°], resp. ]- π,π]. 

In: 

https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:trig/x2ec2f6f830c9fb89:radians/

v/radian-and-degree-conversion-practice it is possible to find some remark on the conversion process 

between radians and degrees. 

1.2  sin cos and their relationship  

Consider the construction of the oriented angle α as described in the previous paragraph. The terminal 

side of the angle α intersects the unit circle in the point Z. The sin  can be defined as the y-coordinate 

of this point. The cos  can be defined as the x-coordinate of this point. In this way, we can find the 

sine or cosine of any real value of α, α ∈ ℝ. Conversely, the choice of a cosine-value and a sine-value 

define in the interval [0,2π[ only one angle. Overall there are an infinite number of solutions, which 

one can find by adding on multiples of 2π. 

 

 

 

https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:trig/x2ec2f6f830c9fb89:radians/v/radian-and-degree-conversion-practice
https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:trig/x2ec2f6f830c9fb89:radians/v/radian-and-degree-conversion-practice


 

 

 

 

 
 

 

 

 

 

 

 

fig. 4 : Sine and cosine in the trigonometric circle 

 

Beside sine and cosine other trigonometric numbers are defined as follows : 

Tangent: tan 𝛼 =
sin 𝛼

cos 𝛼
  Cotangent: cot 𝛼 =

cos 𝛼

sin 𝛼
 

 Secant: sec 𝛼 =
1

cos 𝛼
   Cosecant: csc 𝛼 =

1

sin 𝛼
 

Fig. 5 gives a graphical representation of the above trigonometric numbers in terms of distances 

associated with the unit circle 

  

 

 

 

 

 

fig. 5 : the graphical representation of the trigonometric numbers in terms of distances associated 

with the unit circle 

 

Consequently, the trigonometric numbers have values which are in the following areas: 

sin 𝛼 ∈ [−1, 1]     cos 𝛼 ∈ [−1, 1] 

tan 𝛼 ∈ (−∞, +∞)   cot 𝛼 ∈ (−∞, ∞) 

sec 𝛼 ∈ (−∞, −1] ∪ [1, +∞)  csc 𝛼 ∈ (−∞, −1] ∪ [1, +∞)  

 



Some special angles and their trigonometric numbers 

 

α 0 30° = π/6 45° = π/4 60° = π/3 90° = π/2 

sin α 0 1/2 √2/2 √3/2 1 

cos α 1 √3/2 √2/2 1/2 0 

tan α 0 1/√3 1 √3 ∞ 

cot α  ∞ √3 1 1/√3 0 

sec α 1 2/√3 2/√2 2 ∞ 

csc α  ∞ 2 2/√2 2/√3 1 

 

Inside a quadrant the trigonometric numbers keep the same sign (fig. 6). 

 

 

 

 

 

 

 

 

 

sine cosecant   cosine secant tangent cotangent 

 

fig.6 : sign variation for the trigonometric numbers by quadrant 

The basic relationship between the sine and the cosine is the Pythagorean or fundamental 

trigonometric identity: cos2 𝛼 + sin2 𝛼 = 1. 

This can be viewed as a version of the Pythagorean theorem, and follows from the equation 

𝑥2 + 𝑦2 = 1 for the unit circle (see fig. 7): 

+
 

+
 

+
 

  

  

  

  

  

  



 

fig. 7 : the triangle OPZ 

 

Special pairs of angles 

The sines, cosines and tangents, cotangents of some angles are equal to the sines, cosines and 

tangents, cotangents of other angles. 

 

a. Supplementary angles ( = sum is  ) 

sin(𝜋 − 𝛼) = sin 𝛼 cos(𝜋 − 𝛼) = − cos 𝛼 

tan(𝜋 − 𝛼) = − tan 𝛼 cot(𝜋 − 𝛼) = − cot 𝛼 

b. Anti-supplementary angles ( = difference is  ) 

sin(𝜋 + 𝛼) = − sin 𝛼 cos(𝜋 + 𝛼) = − cos 𝛼 

tan(𝜋 + 𝛼) = tan 𝛼 cot(𝜋 + 𝛼) = cot 𝛼 

c. Opposite angles ( = sum is  ) 

sin(2𝜋 − 𝛼) = − sin 𝛼 cos(2𝜋 − 𝛼) = cos 𝛼 

tan(2𝜋 − 𝛼) = − tan 𝛼 cot(2𝜋 − 𝛼) = − cot 𝛼 

d. Complementary angles ( = sum is    ) 

sin(𝜋/2 − 𝛼) = cos 𝛼 cos(𝜋/2 − 𝛼) = sin 𝛼 

tan(𝜋/2 − 𝛼) = cot 𝛼 cot(𝜋/2 − 𝛼) = tan 𝛼 

 

  

 
 

 

 



fig. 8 : special pairs of angles 

Reference angles 

The use of reference angles is a way to simplify the calculation of the trigonometric numbers at various 

angles. 

 

Associated with every angle drawn in standard position (which means that its vertex is located at the 

origin and the initial side is on the positive x-axis) (except angles of which the terminal side lies “on” 

the axes, called quadrantal angles) there is an angle called the reference angle. The reference angle is 

the acute angle formed by the terminal side of the given angle and the x-axis. Angles in quadrant I are 

their own reference angles. For angles in other quadrants, reference angles 

are calculated this way: 

 

The reference angle and the given angle form a pair of angles to which you can apply the properties 

in the previous paragraph. Due to these properties, the value of a trigonometric number at a given 

angle is always the same as the value of that angle’s reference angle, except when there is a variation 

in sign.  

 

-  

 

+ - 

Quadrant β (reference angle) 

 β = α 

II β = π – α 

III β = α – π 

IV β = - α 



An interesting application of these knowledge should be discuss the following problems related to 

a real a situations.    

 

School flag pole: https://mathcitymap.eu/en/portal-en/#!/trail/258912/task/3836425  

Calculate an angle of elevation of the school flag pole, from the observer standing 680 cm away from 

the flag pole.(Subtract the observer's height from the flag pole height).Give your answer to one 

decimal. 

 

https://mathcitymap.eu/en/portal-en/#!/trail/258912/task/3836425


School grandstand: https://mathcitymap.eu/en/portal-en/#!/trail/258912/task/4936412  

Calculate the slope of the grandstand, in degrees.( Give your answer in one decimal place) 

 

 

 

3.   The trigonometric functions 

Periodic functions 

Definition: A function 𝑓: ℝ → ℝ is periodic ⇔ 

∃ 𝑝 ∈ ℝ\{0}: ∀ 𝑥 ∈ dom 𝑓: 𝑥 + 𝑝 ∈ dom 𝑓 ∧ 𝑓(𝑥 + 𝑝) = 𝑓(𝑥)  

If 𝑝 satisfies this definition, then all positive and negative numbers which are an integer multiple of 𝑝 

also satisfy this definition. Therefore we call the smallest positive number which satisfies this 

https://mathcitymap.eu/en/portal-en/#!/trail/258912/task/4936412


definition the period 𝑃 of the function. Graphically this periodicity means that the form of the graph 

of 𝑓(𝑥) repeats itself over subsequent intervals with length 𝑃. 

 

A function 𝑓 is called even if: 

∀𝑥 ∈ dom 𝑓: −𝑥 ∈ dom 𝑓 ∧ 𝑓(−𝑥) = 𝑓(𝑥)  

 

Consequently two points with opposite 𝑥-values must have the same 𝑦-value. So the graph must be 

symmetric about the 𝑦-axis. 

 

A function f is called odd if: 

∀𝑥 ∈ dom 𝑓: −𝑥 ∈ dom 𝑓 ∧ 𝑓(−𝑥) = −𝑓(𝑥)  

 

Consequently two points with opposite 𝑥-values must have opposite 𝑦-values. So the graph is 

symmetric about the origin. 

 

Sine function 

sin ∶  ℝ → [−1, 1], 𝑥 → sin 𝑥  

The period of this function is 2π. This function is odd, as opposite angles have opposite sines. 

 

 

 

 

 

 

 

 

fig.  9 : the sinusoïde 

Cosine function 

cos ∶  ℝ → [−1, 1], 𝑥 → cos 𝑥  

The period of this function is 2π. This function is even, as opposite angles have the same cosine. 

 

 

 

 



 

 

 

 

 

 

 

 

fig. 10 : the cosinusoïde 

An interesting application of these knowledge should be discuss the following problem related to a 

real a situation. 

 

Sine Gate and cosine: https://mathcitymap.eu/en/portal-en/#!/task/434554  

The cemetery is accessible through a curved gate. The upper end can be approximated by a cosine 

function ƒ(𝑥) = 𝑎 𝑐𝑜𝑠(𝑏 𝑥). Give the product of 𝑎 and 𝑏 as the result (𝑥 and 𝑦 axis in cm). 

 

Tangent function 

tan ∶  ℝ\ {
𝜋

2
+ 𝑘𝜋, 𝑘 ∈ ℤ} → ℝ, 𝑥 → tan 𝑥  

 

https://mathcitymap.eu/en/portal-en/#!/task/434554


The period of this function is π. This function is odd, as opposite angles have opposite tangents. 
 

fig. 11 : the tangent function 

 

Cotangent function 

cot ∶  ℝ\{𝑘𝜋, 𝑘 ∈ ℤ} → ℝ, 𝑥 → cot 𝑥  

The period of this function is π. This function is odd, as opposite angles have also opposite 

cotangents. 

 

fig. 12 : the cotangent function 

The secant function 

sec ∶  ℝ\ {
𝜋

2
+ 𝑘𝜋, 𝑘 ∈ ℤ} → (−∞, −1] ∪ [1, +∞), 𝑥 → sec 𝑥  

The period of this function is 2π. This function is even, as opposite angles have the same cosines and 

so the same secants. 


 

 
 

  

  

 

 



 

 

fig. 13 : the secant function

 

The cosecant function 

csc ∶  ℝ\{𝑘𝜋, 𝑘 ∈ ℤ} → (−∞, −1] ∪ [1, +∞), 𝑥 → csc 𝑥  

The period of this function is 2π. This function is odd, as opposite angles have opposite sines and so 

opposite cosecants. 

 

 

 

 

 

 

 

 

 

 

 

 

fig. 14 : the cosecant function  



 

 

  
 

 

 



 

 

  
 

 

 



Many other interesting applications of these knowledge in several real problems should be 

proposed by the application MapCityMath: https://mathcitymap.eu/en/  

 

Resources: 

https://www.youtube.com/watch?v=Qv2W0KM3W4c 

https://mathbitsnotebook.com/Geometry/Trigonometry/TGElevDepress.html 

https://www.youtube.com/watch?v=RxsdDkgJRAY 

https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:trig/x2ec2f6f830c9fb89

:radians/v/radian-and-degree-conversion-practice 

https://mathcitymap.eu/en/ 

 

https://mathcitymap.eu/en/
https://www.youtube.com/watch?v=Qv2W0KM3W4c
https://mathbitsnotebook.com/Geometry/Trigonometry/TGElevDepress.html
https://www.youtube.com/watch?v=RxsdDkgJRAY
https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:trig/x2ec2f6f830c9fb89:radians/v/radian-and-degree-conversion-practice
https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:trig/x2ec2f6f830c9fb89:radians/v/radian-and-degree-conversion-practice
https://mathcitymap.eu/en/

